
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by:
On: 25 January 2011
Access details: Access Details: Free Access
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Separation Science and Technology
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713708471

Correction to the Furry-Jones-Onsager Theory of the Thermal-Diffusion
Column
I. Hodora

a National Institute for Research and Development of Isotopic and Molecular Technologies, Cluj-
Napoca, Romania

Online publication date: 27 February 2003

To cite this Article Hodor, I.(2003) 'Correction to the Furry-Jones-Onsager Theory of the Thermal-Diffusion Column',
Separation Science and Technology, 38: 5, 1229 — 1246
To link to this Article: DOI: 10.1081/SS-120018132
URL: http://dx.doi.org/10.1081/SS-120018132

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713708471
http://dx.doi.org/10.1081/SS-120018132
http://www.informaworld.com/terms-and-conditions-of-access.pdf


Correction to the Furry–Jones–Onsager Theory of
the Thermal-Diffusion Column

I. Hodor*

National Institute for Research and Development of Isotopic and

Molecular Technologies, Cluj-Napoca, Romania

ABSTRACT

The famous theory of the thermal diffusion column derived by Furry,

Jones, and Onsager is based on the implicit premise that the mass of a

component in a binary mixture is given by the product between the mass

of the whole mixture and the molar concentration of that component. The

premise is strictly correct only if m2=m1 ¼ 1; where m1 and m2 are the

molecular masses of the two components. Here a corrected theory is

derived, which is valid for any value of the ratio m2=m1: Comparison of

the original and corrected theory shows that for the case of a column

operated at total reflux, the two theories give identical results. However,

for productive operations the original Furry–Jones–Onsager theory can

produce deviated data. The magnitude of the deviation depends on the

ratio m2=m1: It is: a) null for m2=m1 ¼ 1; b) small for heavy isotopes (up

to 0.86% for a 235UF6–238UF6 mixture), c) significant for light isotopes
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(up to 33% for a 3He–4He mixture), and d) very high for m2=m1 q 1

(absurd results are obtained for m2=m1 ¼ 10Þ:

Key Words: Thermal-diffusion column; Isotope separation; Helium 3.

INTRODUCTION

The separation column by thermal-diffusion (TD) was discovered in 1938

by Clusius and Dickel.[1] Soon after that, Furry, Jones, and Onsager (FJO)[2 – 4]

derived their famous theory of the TD column. From then until now many

publications have been dedicated to this subject (see the bibliography[5] and

the monograph[6] by Văsaru et al.,) and the literature cited in later

articles.[7 – 14]) The TD column has been used to separate the components from

a mixture [especially isotope separation[6]] and to determine the thermal

diffusion coefficient (Soret effect).[6,14] As a separation process, the TD

column has a low thermodynamic efficiency; still it has certain advantages and

is preferred in many applications.[7 – 10] For example the TD column is used for

production of noble gas and oxygen isotopes.

In a previous paper[15] I developed an overall axiomatic theory of the

separation column and, as an application, I derived an independent theory of the

TD column. Recently I observed that there is a discrepancy between my results

and those of FJO. A careful analysis revealed that the discrepancy is due to a

premise that is implicitly used in the FJO theory. It is assumed that: the mass of a

component in a binary mixture is given by the product between the mass of the

whole mixture and the molar concentration of that component. This is strictly

correct only if m2=m1 ¼ 1;where m1 and m2 are the molecular masses of the two

components. This FJO premise cannot be considered as a simplifying assump-

tion because it is not necessary and not used for the derivation of the theory.

In this paper a corrected theory is rebuilt that is valid for any value of the

ratio m2=m1: With few exceptions, the FJO derivation procedure is followed.

A comparison between the corrected and original theory is done, and the

effects of the FJO premise in several applications are evaluated.

REBUILDING THE CORRECTED THEORY

Bulk Velocity and Flux

A series of notations introduced in Refs.[2 – 4] have been used in the TD

literature. Here I use a good part of them, but introduce additional ones, as they
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are necessary in the corrected theory and discussion. In addition, I mark with

an asterisk the symbols that represent expressions affected by the FJO

premise. The symbols without asterisk are used in the corrected theory.

Consider a binary mixture and let vi denote the local mean velocity of the

ith species with respect to stationary coordinate axes (i ¼ 1 is for the lighter

component). The local molar average velocity is defined as v ¼ c1v1 þ c2v2;
where ci is the mole fraction of species i. Similarly, the local mass average

velocity is defined as vm ¼ w1v1 þ w2v2; where wi is the mass fraction of

species i.

The mass flux of species i with respect to stationary coordinate axes is

defined by:

Ji ¼ minivi ¼ mincivi ð1Þ

where mi is the molecular mass of species i ðm1 # m2Þ; ni is the molar density

of species i, and n ¼ n1 þ n2 is the total molar density.

The equation of diffusion may be written as:

c1ðv1 2 vÞ ¼ 2Dð7c1 2 ac1c27ln TÞ ð2Þ

In this equation, v1 2 v is the diffusion velocity of species 1 with respect to v,

D is the binary diffusion coefficient, and a is the thermal diffusion constant.

The form of the diffusion equation depends on the definition of D and a.

These coefficients may be defined in numerous ways.[16] Fortunately, a unique

definition is used in the TD literature and in important reference books with

more general subjects.[17,18] I have adopted the same definition in writing

Eq. (2).

From Eqs. (1) and (2), and by algebraic manipulation, the mass flux of

species 1 can be written in the forms:

J1 ¼ m1nc1v 2 m1nDð7c1 2 ac1c27ln TÞ ð3aÞ

¼ rw1vm 2 rDð7w1 2 aw1w27ln TÞ ð3bÞ

¼ m1nc1vm 2
n2m1m2

r
Dð7c1 2 ac1c27ln TÞ ð3cÞ

where r ¼ m1n1 þ m2n2 is the mass density. In Eq. (3a) J1 is expressed in

molecular–molecular terms: the molecular average velocity v is used for bulk

velocity and mole fraction c1 for concentration. In Eq. (3b) J1 is expressed in

mass–mass terms: the mass average velocity vm is used for bulk velocity and

the mass fraction w1 for concentration. In Eq. (3c) J1 is expressed in hybrid

mass-molecular terms: vm is used for bulk velocity and c1 for concentration.
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In the FJO theory the equation for flux of species 1 is [Eq. (10) in Ref.[2]]:

J*
1 ¼ r½vc1 þ Dð27c1 þ ac1c27ln TÞ� ð3a* Þ

This is a molecular–molecular variant of the flux and should be compared

with Eq. (3a). The essential difference should be noted: The flux J1 contains

the convective term m1nvc1 in which m1nc1 represents the mass density of

species 1. The corresponding term in J*
1 is rvc1 in which, according to the

curious FJO premise, rc1 stands for mass density of species 1. The densities

m1nc1 and rc1 coincide only if m1 ¼ m2:
The FJO theory was developed for the stationary state of the TD column

for which the fluxes satisfy the conditions:

7Ji ¼ 0 ð4Þ

From Eqs. (3a) and (3a*) one obtains the relation between the correct and

wrong fluxes:

J*
1 ¼

m2

m1

þ 1 2
m2

m1

� �
c1

� �
J1 ð5Þ

From Eqs. (4) and (5) it follows:

7J*
1 ¼ ð1 2 m2=m1Þð7c1ÞJ1

One can see that if m2 – m1; then generally 7J*
1 – 0: However, the FJO

theory was derived supposing that 7J*
1 ¼ 0:

Corrected Cylindrical Case

A cylindrical TD column consists of an annular space between two

vertical, coaxial, right-circular cylindrical walls. The inner wall, of radius r2,

is of temperature T2; the outer wall, of radius r1, is at temperature T1; r2 , r1

and usually T1 , T2: Let r be the radial ðr2 , r , r1Þ and z the longitudinal

coordinate.

The FJO theory is derived in molecular–molecular terms: the bulk

velocity is described by the molecular average velocity v and the flux is given

by Eq. (3a).

A main assumption of the FJO theory is that the thermal diffusion

constant a is small. This condition is well fulfilled as, according to the

Chapman–Enskog treatment,[17] thermal diffusion is a second-order

phenomenon, in contradiction to diffusion, which is a first-order phenomenon.
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Another assumption is that the velocity v is entirely in the vertical

direction and independent of z, that is:

v ¼ vðrÞ; vr ¼ 0; vz ¼ v ð6Þ

This condition is well fulfilled at least for the mixture of ideal gases.

The two assumptions induce the mathematical simplifications that are

made in what follows.

When the temperature gradient is determined by thermal conduction

alone, the temperature field is described by:

2pQ1 ¼ 2prlð2dT=drÞ ð7aÞ

Q1logðr1=r2Þ ¼

Z T2

T1

ldT ð7bÞ

ð›=›rÞ ¼ 2ðQ1=rlÞð›=›TÞ ð7cÞ

In these equations 2pQ1 is the radial heat flow per unit length of column, l is

the thermal conductivity, and T is the temperature.

Taking into account Eq. (6), the hydrodynamic equation in cylindrical

coordinates is[3]:

r21ð›=›rÞrhð›v=›rÞ ¼ ðdp=dzÞ þ rg ð8Þ

where h is the viscosity, p is the pressure, and g is the acceleration of gravity.

Substitution from Eq. (7c) gives:

ðQ2
1=lr 2Þðd=dTÞðh=lÞðdv=dTÞ ¼ ðdp=dzÞ þ rg ð9Þ

with the boundary conditions:

vðT1Þ ¼ vðT2Þ ¼ 0 ð10Þ

Equations (7)–(10) are the very equations (106)–(109) of Ref.[3]. The

difference begins now, with the expression for the mass flux of species 1:

instead of the FJO flux J*
1 given by Eq. (3a*), the correct flux J1 given by

Eq. (3a) is used.

The argument in Ref.[2], Eqs. (12)–(26), or in Ref.[3], Eqs. (112)–(126) is

approximatively followed below.

The flux J1 has the components:

J1z ¼ m1n c1v 2 D
›c1

›z

� �
ð11aÞ

J1r ¼ 2m1n
›c1

›r
2 ac1c2

›ðln TÞ

›r

� �
ð11bÞ
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Because the walls are impenetrable, the flux component J1r satisfies the

conditions:

J1rðT2; zÞ ¼ J1rðT1; zÞ ¼ 0 ð12Þ

Substituting the flux Eq. (3a) in Eq. (4) and taking into account Eq. (7c) one

obtains:

›

›r

nD

l

›c1

›T
2

ac1c2

T

� �� �
¼

lnr 2

Q2
1

v
›c1

›z
2

›2c1

›z2

� �
ð13Þ

The term containing ð›2c1=›z2Þ is of second order and may be neglected.[15]

Then, the following equation is used:

›

›T

nD

l

›c1

›T
2

ac1c2

T

� �� �
¼

lnr 2v

Q2
1

›c1

›z
ð14Þ

As in Ref.[2], the function Gðz; TÞ is introduced, which, in our case, is defined

by:

›c1

›z
Gðz; TÞ ¼

lQ3
1

m1nD
rJ1r ð15aÞ

¼ Q4
1

›c1

›T
2

ac1c2

T

� �
ð15bÞ

Then Eq. (14) can be written:

›

›T

nD

l

›c1

›z
Gðz; TÞ

� �
¼ Q2

1lnr 2v
›c1

›z
ð16Þ

As in Ref.[2], the assumption ð›2c1=›z›TÞ ¼ 0 is made, that is ð›c1=›zÞ does

not depend on T. This assumption has two important consequences: G is a

function of T only and the total molar transport through the column is zero.

Taking into account Eq. (11a), the mass transport of species 1 through the

column is:

~t1 ¼ 2p

Z r1

r2

J1rrdr ¼
2p

Q1

Z T2

T1

lJ1zr
2dT ð17aÞ

¼
2pm1

Q1

Z T2

T1

lnr 2c1vdT 2
2pm1

Q1

Z T2

T1

lnr 2D
›c1

›z
dT ð17bÞ
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Equation (4) implies that ~t1 does not depend on z; thus the derivation of

Eq. (17b) gives:

d ~t1

dz
¼

›c1

›z

2pm1

Q1

Z T2

T1

lnvr 2 dT ¼
›c1

›z
m1t̂ ¼ 0 ð18Þ

where the term containing ð›2c1=›z2Þ was neglected as it is of second order

and:

t̂ ¼ 2p

Z r1

r2

nvrdr ¼
2p

Q1

Z T2

T1

lnvr 2 dT

is the total molar transport through the column. Since ð›c1=›zÞ is not

identically zero, the total molar transport must vanish at t̂ ¼ 0: (The

contradiction should be noted: in the original FJO theory the total mass

transport must vanish.)

Equations (19)–(22) are derived in the same manner as the corresponding

Eqs. (15)–(18) of Ref.[2].

By Eqs. (15a) and (12), we have:

Gðz;T1Þ ¼ Gðz; T2Þ ¼ 0 ð19Þ

The factor ð›c1=›zÞ on each side of Eq. (16) cancels, and since the only

remaining quantity that can be a function of z is Gðz; TÞ; one finds, on

integrating Eq. (16) that ðnD=lÞG can depend on z only through an additive

function of z. Then since Eq. (19) holds identically in z, we have:

Gðz;TÞ ¼ GðTÞ

Concealing ›c1=›z in Eq. (16), and solving for v, one obtains:

vðTÞ ¼
1

lnQ2
1r 2

d

dT

nD

l
GðTÞ

� �
ð21Þ

Then from Eqs. (21), (16), and (10):

G0ðT1Þ ¼ G0ðT2Þ ¼ 0 ð22Þ

If Eq. (21) is substituted in Eq. (9), followed by differentiation with respect to

T, the differential equation for GðTÞ is obtained:

d

dT

1

lr 2

d

dT

h

l

d

dT

1

lnr 2

d

dT

nD

l
GðTÞ

� �
¼ g

dr

dT
ð23Þ
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This equation, with the boundary conditions Eq. (19) and Eq. (22), completely

determines the function GðTÞ: Using this function one can obtain an

expression for the mass transport of species one ~t1:
By substituting v, given by Eq. (21), in Eq. (17b) and partial integration,

one obtains:

~t1 ¼ 2
2pm1

Q3
1

Z T2

T1

nD

l
G
›c1

›T
dT 2

2pm1

Q1

Z T2

T1

lnr 2D
›c1

›z
dT ð24Þ

Solving Eq. (15b) for ›c1=›T ; and substituting it in Eq. (24):

~t1 ¼ 2
2pm1

Q3
1

Z T2

T1

anD

lT
G dT

� �
c1c2 2

2pm1

Q7
1

Z T2

T1

nD

l
G2 dT

� �

�
dc1

dz
2

2pm1

Q1

Z T2

T1

lnr 2D dT

� �
dc1

dz
ð25Þ

Remember that the mass transport given by Eq. (25) was obtained for the case

when the total molar transport is zero, t̂ ¼ 0: By the arguments presented in

Ref.[2], in the general case when a small total transport through the column

exists, that is t̂ – 0; the mass transport of species one is obtained by simply

adding to Eq. (25) a supplementary term:

t1 ¼ ~t1 þ m1t̂c1 ð26Þ

In conclusion, the mass transport of species one through the TD column is

given by:

t1 ¼ m1t̂c1 þ Hc1ð1 2 c1Þ2 ðKc þ KdÞ
dc1

dz
ð27aÞ

where

H ¼ 2
2pm1

Q3
1

Z T2

T1

anD

lT
G dT ð27bÞ

Kc ¼
2pm1

Q7
1

Z T2

T1

nD

l
G2 dT ð27cÞ

Kd ¼
2pm1

Q1

Z T2

T1

lnr 2D dT ð27dÞ
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and G ¼ GðTÞ is the solution of:

d

dT

1

lr 2

d

dT

h

l

d

dT

1

lnr 2

d

dT

nD

l
GðTÞ

� �
¼ g

dr

dT
ð27eÞ

which satisfies the boundary conditions:

GðT1Þ ¼ GðT2Þ ¼ G0ðT1Þ ¼ G0ðT2Þ ¼ 0 ð27fÞ

Equations (27a–f) represent the essential result of the column theory.

For comparison, the corresponding result in the FJO theory is reproduced

here:

t*
1 ¼ s*c1 þ H*c1ð1 2 c1Þ2 ðK*

c þ K*
d Þ

dc1

dz
ð27a* Þ

where s* stands for total mass transport through the column and:

H* ¼ 2
2p

Q3
1

Z T2

T1

arD

lT
G* dT ð27b* Þ

K*
c ¼

2p

Q7
1

Z T2

T1

rD

l
G* 2 dT ð27c* Þ

K*
d ¼

2p

Q1

Z T2

T1

lrr 2D dT ð27d* Þ

and G* ¼ G* ðTÞ is the solution of:

d

dT

1

lr 2

d

dT

h

l

d

dT

1

lrr 2

d

dT

rD

l
G* ðTÞ

� �
¼ g

dr

dT
ð27e* Þ

which satisfies the boundary conditions:

G* ðT1Þ ¼ G* ðT2Þ ¼ G* 0ðT1Þ ¼ G* 0ðT2Þ ¼ 0 ð27f* Þ

Corrected Plane Case

The cylindrical case contains at its limit the plane case. Let �r be the mean

radius of the annular space �r ¼ ðr1 þ r2Þ=2: When ðr1 2 r2Þ=�r is very small,

the cylindrical column is equivalent to a plane column of width B ¼ 2p�r; the

distance between the cold and hot plane walls being r1 2 r2: In Eq. (27e), the

variable r tends to a constant value and the substitution r ¼ B=2p can be

made. The constant B will disappear by the substitution G ¼ ðB=2pÞ4G0:
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In addition, for the plane case the use of the heat flux Q ¼ 2l7T is

appropriate, so that the substitution Q1 ¼ rQ ¼ ðB=2pÞQ is made in Eqs.

(27b–d). Finally, for the plane case, mass transport of species one through the

TD column is given by the same Eq. (27a), but the coefficients H, Kc, and Kd

are given by the expressions:

H ¼ 2
Bm1

Q3

Z T2

T1

anD

lT
G0 dT ð27b0Þ

Kc ¼
Bm1

Q7

Z T2

T1

nD

l
G2

0 dT ð27c0Þ

Kd ¼
Bm1

Q

Z T2

T1

lnD dT ð27d0Þ

and G0 ¼ G0ðTÞ is the solution of:

d

dT

1

l

d

dT

h

l

d

dT

1

ln

d

dT

nD

l
G0ðTÞ

� �
¼ g

dr

dT
ð27e0Þ

which satisfies the boundary conditions:

G0ðT1Þ ¼ G0ðT2Þ ¼ G0
0ðT1Þ ¼ G0

0ðT2Þ ¼ 0 ð27f0Þ

COMPARISON BETWEEN THE CORRECTED

AND THE ORIGINAL FJO THEORY

It is sufficient to consider the cylindrical case only, as it contains at its

limit the plane case too.

One has to compare Eqs. (27a–f) with Eqs. (27a*–f*). For this purpose,

the asterisked symbols are expressed in terms of non-asterisked ones.

The density of the mixture can be expressed as:

r ¼ knm1 ð28Þ

where:

k ¼ 1 þ ðm2=m1 2 1Þð1 2 c1Þ ð29Þ

Insert r given by Eq. (28) in Eqs. (27b*–f*) and consider k is independent of T,

which is possible because c1 varies only slightly in the radial direction. The so
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obtained relations compared with Eqs. (27b–f) lead to:

G* ¼ G ð30Þ

H* ¼ kH K*
c ¼ kKc K*

d ¼ kKd ð31Þ

The situation of the symbols s* and t*
1 is more complicated. If one analyzes

the derivation of the FJO theory one finds that strictly speaking these

quantities have no physical meaning. They are not conservative quantities

(that is, s* and t*
1 vary along the column) because in derivation the non-

conservative flux J*
1 was used.

In applications, it has been considered that s* stands for the real total

mass transport through the column. Still the first term in Eq. (27a*), s*c1; is

again incorrect; it contains the false FJO premise: a total mass transport s* is

multiplied by molar concentration c1. Compare this with the corresponding

correct term m1t̂c1 in Eq. (27a), where the mole transport of species one t̂c1 is

multiplied by molecular mass of that species m1.

Similarly, in applications, t*
1 is considered as the real total mass transport

of species one. When at the end of a column the concentrated material is

extracted at the rate s* and concentration c1f ; it is considered that t*
1 ¼

c1fs* : This relation contains again the false FJO premise. (See for example

Eq. 223 in Ref.[4].)

MAGNITUDE OF ERROR PRODUCED BY THE FJO

THEORY IN APPLICATIONS

Operation at Total Reflux

For simplicity reasons, the total reflux operation has been preferred for the

experimental study of the TD column and the determination of the thermal

diffusion coefficient a.

In applications, Furry–Jones–Onsager, and the authors that have

followed, have considered that s* represents the actual total mass transport

through the column and t*
1 represents the actual mass transports of species

one through the column. In this interpretation the relations:

ðs* Þtotal reflux ¼ 0 ð32Þ

ðt*
1 Þtotal reflux ¼ 0 ð33Þ
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are satisfied. Thus, the transport Eq. (27a*) reduces to:

0 ¼ H*c1ð1 2 c1Þ2 ðK*
c þ K*

d Þ
dc1

dz
ð34Þ

Taking into account the relations shown in Eq. (31), Eq. (34) can be

written:

0 ¼ Hc1ð1 2 c1Þ2 ðKc þ KdÞ
dc1

dz
ð340Þ

Exactly this equation, Eq. (340), is obtained if the correct transport Eq. (27a) is

written for total reflux. This is an extraordinary coincidence, which means that

the errors in the original FJO theory are not visible when the TD column is

operated at total reflux.

In conclusion: All published data obtained by using FJO theory are

correct if the TD column was operated at total reflux.

Ideal Cascade

A column operated at total reflux does not produce separative work. To

produce separative work, a column may be operated in many ways.

A representative case is when the column is an element in an ideal cascade,

in which case the separative power of the column is maximal.

In an ideal cascade, a unit length of a TD column produces in a unit time a

separative work given by[20]:

W ¼
H 2

4ðKc þ KdÞ
ð35Þ

This equation is written for the correct transport Eq. (27a). The corresponding

equation for the transport Eq. (27a*) is:

W* ¼
H* 2

4ðK*
c þ K*

d Þ
ð36Þ

Using here the relations of Eqs. (31) and (29), one obtains the ratio between

incorrect and correct separation power:

W*=W ¼ 1 þ ðm2=m1 2 1Þð1 2 c1Þ ð37Þ

This formula may be used as a criterion for the applicability of the original

FJO theory to the productive separation problems. Let us consider a few

typical examples.
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a) In the very particular case when m2=m1 ¼ 1 then W*=W ¼ 1; which

means that in this case the original FJO theory leads to correct results.

b) For heavy isotope separation, m2=m1 is very near to one. Suppose one

has to separate isotopic molecules 235UF6 and 238UF6 for which

m1 ¼ 349 and m2 ¼ 352: Equation (37) gives:

W*=W ¼ 1 þ 0:0086ð1 2 c1Þ

It means that the use of the original FJO theory introduces errors

that are not greater than 0.86%. Such errors are acceptable in

practice.

c) For light isotope separation the ratio m2=m1 differs significantly from

one. For helium isotope separation m1 ¼ 3 and m2 ¼ 4: Equation (37)

gives:

W*=W ¼ 1 þ 0:33ð1 2 c1Þ

Hence in this case the use of the original FJO theory introduces

errors of up to 33%. This error level is not acceptable in practice.

d) Finally, suppose now that the molecular masses are very different,

say m2=m1 ¼ 10: Then

W*=W ¼ 1 þ 9ð1 2 c1Þ

Hence W* can be ten times greater then W. The original FJO theory leads to

absurd results in such cases.

RUTHERFORD VARIANT

Rutherford[19] derived a variant of the FJO theory in which he used mass

quantities instead of molar quantities: mass concentration wi instead of molar

concentration ci and the mass average velocity vm instead of molar average

velocity v. Also, he used the correct flux expression, Eq. (3b). In such an

approach the assumption in Eq. (6) is substituted by:

vm ¼ vmðrÞ; vmr ¼ 0; vmz ¼ vm ð38Þ

The difference between Eqs. (6) and (38) represents the basic difference

between Rutherford variant and the corrected theory derived in this article. For

this reason the two assumptions should be examined closely.
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From Eqs. (3a and c) one obtains:

vm 2 v ¼
ðm2 2 m1ÞnD

r
ð7c1 2 ac1c27ln TÞ ð39Þ

By projecting this equation onto the radial direction one obtains that vmr 2 vr

is generally different of zero, that is, the conditions of Eqs. (6) and (38) cannot

be generally fulfilled at the same time. Then the question arises: Which

assumption is better fulfilled by a real system? It seems difficult to give a

general, rigorous answer. Still, for two particular categories of mixtures one

can answer as follows:

a) The first category consists of mixtures that have the property that n does

not depend on composition (on c1). A mixture of perfect gases has this

property. Thus, if c1 varies along the column, then ›n=›z ¼ 0: When the

velocity field, Eq. (6), is substituted in the equation of number conservation

7ðnvÞ ¼ 0; it is found that this equation is automatically satisfied.

On the contrary, for this category, density generally varies along the

column ›r=›z ¼ nðm1 2 m2Þ›c1=›z: Thus, if the velocity field in Eq. (38) is

inserted in the equation of mass conservation 7ðrvmÞ ¼ 0 one obtains:

vmnðm1 2 m2Þ›c1=›z ¼ 0

This equation can not be satisfied if m1 – m2: Consequently, the following

proposition holds:

If the number density n does not depend on composition (on c1) and

m1 – m2 then Eq. (6) can be satisfied and Eq. (38) cannot be satisfied.

b) The second category consists of mixtures which have the property that

r does not depend on composition (on c1). Some liquid mixtures have this

property. In a similar way one demonstrates the proposition:

If the mass density r does not depend on composition (on c1) and m1 – m2

then Eq. (6) cannot be satisfied and Eq. (38) can be satisfied.

One can conclude that the corrected theory derived here should be

preferred at least for gas mixtures, where the total molar density does not

depend on composition.

CONCLUSION

a) The essential and corrected result of the theory is Eq. (27a) for the

transport of one mixture component through the column. The

coefficients H, Kc, and Kd in Eq. (27a) are given by the relations

(27b–f) for the cylindrical case and by the relations (27b0 –f0) for the

plane case.
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b) For several molecular models and several practical conditions,

working expressions or numerical values of the coefficients H, Kc,

and Kd have been published.[6] They have been established using the

original FJO theory. To obtain the corrected coefficients, the

literature coefficients should be marked with an asterisk

ðH* ; K*
c ; K*

d Þ for distinction. Then the correct coefficients are

obtained with formulas: H ¼ H*=k; Kc ¼ K*
c =k; and Kd ¼ K*

d =k;
where k is given by Eq. (29). The correct coefficients will then be

used in the transport Eq. (27a).

c) The error magnitude produced by the FJO theory is zero for columns

operated at total reflux. However, in the case of productive

columns the errors can become severe if the ratio m2=m1 is far

from unity.

d) The corrected theory derived here is applicable for any value of the

ratio of molecular masses m2=m1: Nowhere in the derivation was it

necessary to suppose that ðm2 2 m1Þ=m1 is small.

e) Rutherford[19] derived a variant of the FJO theory using mass

quantities. As it is argued in the preceding section, the corrected

theory derived here should be preferred at least for gas mixtures

where the total molar density does not depend on composition.

NOMENCLATURE

ci mole fraction of species i (1)

D coefficient of ordinary diffusion (m2·s21)

g acceleration of gravity (m·s2)

G function, cf. Eq. (15a)

H Transport coefficient, cf. Eq. (27a) (kg·s21)

J1 Mass flux due to molecules of species 1 (kg·m22·s22)

J1r Radial component of J1(kg·m22·s22)

J1z longitudinal component of J1(kg·m22·s22)

k coefficient, cf. Eq. (29)

Kc, Kd transport coefficients, cf. Eq. (27a) (kg·m·s21)

Q heat flux (W·m22)

2pQ1 conductive heat flow per unit length of column (W·m21)

mi molar mass of species i (kg·mol21)

n total molar density (mol·m23)

ni molar density of species i (mol·m23)

p pressure (Pa)

r radial coordinate (m)
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r1 radius of outer cylinder (m)

r2 radius of inner cylinder (m)

T temperature (8K)

T1 temperature of outer cylindrical wall (8K)

T2 temperature of inner cylindrical wall (8K)

v molecular average velocity of all species (m·s21)

vi molecular average velocity of species i (m·s21)

vm mass average velocity of all species (m·s21)

wi mass fraction of species i[1]

W maximal separative work per unit column length, per unit

time, cf. Eq. (35) (kg·m21·s21)

Subscript

i ¼ 1; 2; molecular species, i ¼ 1 is for the lighter component

ðm1 # m2Þ

Superscript

* asterisked symbols stand for expressions affected by FJO

premise

Greek letters

a thermal diffusion constant (1)

h viscosity (Pa·s)

l thermal conductivity (W·m21·K22)

r density (kg·m23)

s total mass transport through column (kg·s21)

t̂ total molar transport through column (mol·s21)

t1 mass transport of species 1 through column (kg·s21)

t̂1 mass transport of species 1 through column when t̂ ¼ 0

(kg·s21)
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